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The Casimir-Polder-Lifshitz force felt by an atom near the surface of a substrate is calculated
out of thermal equilibrium in terms of the dielectric function of the material and of the atomic
polarizability. The new force decays like 1/z3 at large distances (i.e. slower than at equilibrium),
exhibits a sizable temperature dependence and is attractive or repulsive depending on whether the
temperature of the substrate is higher or smaller than the one of the environment. Our predictions
can be relevant for experiments with ultracold atomic gases. Both dielectric and metal substrates
are considered.
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An intense effort has been devoted in the recent years
to study the force felt by an atom near the surface of a
substrate (see, for example, [1, 2] and references therein).
These studies are motivated both by the possibility of
technological applications [3] as well as by the funda-
mental search for stronger constraints on hypothetical
non Newtonian forces [4]. Experimental and theoretical
research has also recently focused on the forces acting on
ultracold atomic gases, including atomic beams [5, 6, 7],
Bose-Einstein condensates [2, 8, 9, 10] and degenerate
Fermi gases [11].
The force generated by the surface contains in general
two independent components. The first one is related to
zero-point fluctuations of the electromagnetic field. At
short distances z (typically less than fractions of microns)
this force behaves like 1/z4 and is the analog of the van
der Waals-London interatomic force. At larger distances
the inclusion of relativistic retardation effects gives rise to
a different 1/z5 dependence characterizing the so-called
Casimir-Polder regime [12, 13, 14]. Notice that both the
van der Waals-London and Casimir-Polder forces depend
on the temperature only through the dielectric properties
of the substrate. The resulting temperature dependence
is usually negligible.
The second component of the force is due to the ther-
mal fluctuations of the electromagnetic field. This effect
was first considered by Lifshitz [15] who employed the
theory of electromagnetic fluctuations developed by Ry-
tov [16]. We will refer to it as to the Lifshitz force. At
distances larger than the thermal photon wave length
λT = ~c/kBT (corresponding to ∼ 7.6 µm at room tem-
perature) this force decays, at thermal equilibrium, like
1/z4, is attractive, is proportional to the temperature and
provides the leading contribution to the total force. Con-
versely, the zero-point fluctuation component prevails at
smaller distances. In the present paper we are interested
in the thermal component of the force. The Lifshitz force
was originally evaluated at full thermodynamic equilib-
rium. A non trivial issue is the study of the force out
of thermal equilibrium [17, 18], characterizing configura-
tions where the temperature of the substrate and the one
of the surrounding walls located at large distances (here-
after called environment temperature) do not coincide.
The problem is relevant both for practical reasons, due
to the possibility of tuning the two temperatures inde-
pendently, and for a better understanding of the inter-
play between zero-point and thermal fluctuation effects.
A first important investigation of the surface-atom force
out of thermal equilibrium was carried out by Henkel et
al. [17] who calculated the force generated by a dielec-
tric substrate at finite temperature by assuming that the
environment temperature is zero. The principal motiva-
tion of that paper was the study of the force at short
distances. In this Letter we show that, out of thermal
equilibrium, the force acting on the atom exhibits a new
asymptotic behaviour, characterized by a 1/z3 decay at
large distances.
Let us consider an atom placed in vacuum at distance
z from the flat surface of a substrate made of a mate-
rial with dielectric function ε(ω) = ε′(ω) + iε′′(ω). We
choose a coordinate system with the xy plane coinciding
with the interface and the z axis such that the substrate
occupies the region with z < 0 and the vacuum the region
with z > 0. In this Letter we assume that the substrate
is locally at thermal equilibrium at a temperature TS
which can differ from the environment temperature TE ,
the global system being out of thermal equilibrium, but
in a stationary regime. The total electromagnetic field
will be in general the sum of the radiation produced by
the substrate and the one of the environment. In partic-
ular this latter radiation will be partially absorbed and
reflected from the substrate. The forces produced by the
TE and TS components of the radiation add incoherently.
In typical experiments with ultracold atomic gases the
environment temperature is determined by the chamber
containing the substrate and the trapped atoms. We fur-
ther treat the atoms as being at zero temperature in the
sense that the surrounding radiation is not able to popu-
2late their excited states which are assumed to be located
at energies ~ωat much higher than the thermal energy:
kBTS, kBTE << ~ωat . (1)
This condition is very well satisfied at ordinary temper-
atures. Actually the first optical resonance of Rb atoms
corresponds to 1.8 104 K In general the force acting on
a neutral atom can be written as [17, 19]
F(r) ≈ 〈dindi ∇Efi(r)〉 + 〈dfi∇Eindi (r)〉 (2)
holding in lowest order perturbation theory with i =
x, y, z. Here and in the following we use Einstein’s sum-
mation convention. The first term describes the field
fluctuations correlated with the induced atomic dipole
moment while the second ones involves the dipole fluc-
tuations correlated with the induced electric field. At
thermal equilibrium, where TS = TE ≡ T , the force can
be conveniently written in the form
F eq(T, z) = F0(z) + F
eq
th (T, z) (3)
where we have separated the contribution F0(z) arising
from the T = 0 zero-point fluctuations and the one aris-
ing from the thermal fluctuations. At large distances the
T = 0 force exhibits the Casimir-Polder asymptotic be-
haviour
F0(z)z→∞ = −3
2
~cα0
piz5
ε0 − 1
ε0 + 1
φ(ε0) (4)
with the function φ(ε0) defined, for example, in [2]. Con-
versely, the thermal force approaches the Lifshitz law
F eqth (T, z)z→∞ = −
3
4
kBTα0
z4
ε0 − 1
ε0 + 1
(5)
which then provides the leading contribution to the to-
tal force. The asymptotic law (5) is reached at distances
larger than the thermal wavelength λT . In the above
equations α0 (= 47.3 × 10−24cm3 for Rb atoms) and ε0
are, respectively, the static polarizability of the atom and
the static dielectric function of the substrate. It is worth
noticing that only the static optical properties enter the
asymptotic laws (4) and (5), the corresponding dynamic
effects becoming important only at shorter distances. It
is also worth noticing that the asymptotic behaviour of
the thermal force has a classical nature, being indepen-
dent of the Planck constant. The explicit behaviour of
the force (3) at all distances has been recently investi-
gated in [2].
Let us now discuss the behaviour of the force when the
system is not in equilibrium (neq). Also in this case the
force can be written as the sum of the zero temperature
contribution F0(z) and of a thermal contribution which,
however, will differ from F eqth if TS 6= TE:
F neq(TS , TE , z) = F0(z) + F
neq
th (TS , TE, z) . (6)
The purpose of the present Letter is to calculate the
force (6) and in particular to exploit its behaviour at large
distances. Let us first consider the case of a substrate
at finite temperature (TS = T 6= 0) in the absence of
the environment radiation (TE = 0). This problem was
solved by Henkel et al. [17] who obtained the result
F neq,ffth (T, 0, z) =
~
2pi2
∫
∞
0
dω
ε′′(ω)
e~ω/kBT − 1
Re
[
α(ω)
∫
VS
Gik[ω; r, r1] ∂zG
∗
ik[ω; r, r1] d
3
r1
]
(7)
for the thermal contribution to the force originating from
the fluctuations of the field (ff). In eq.(7)Gik is the Green
function relative to the electromagnetic field. The vari-
able r1 should be integrated on the volume VS occupied
by the substrate which provides the source of the thermal
radiation. The argument r instead defines the position
of the atom outside the substrate. The Green function
Gik then reduces to its transmitted component [20].
The force (7) contains a repulsive coordinate indepen-
dent wind part (arising from the transmitted propagating
modes) proportional to α′′(ω) and produced by the ab-
sorption of photons by the atom, and a dispersive part
(arising from the transmitted evanescent modes) propor-
tional to α′(ω). Due to the condition (1) the wind con-
tribution can be ignored and the real part α′(ω) can be
replaced with its static (ω = 0) value α0. Furthermore
also the terms arising from the dipole fluctuations can be
ignored in the evaluation of the thermal force which can
be conveniently rewritten in the form F neqth (TS, 0, z) =
4piα0∂zUE(TE , 0, z) where UE =
〈
E2
〉
/8pi is the ther-
mal component of the electric energy density in vacuum.
The dispersive component of the force (7) can be ex-
plicitly worked out by introducing the Fourier transform
gik[ω;K, za, zb] of the Green function Gik[ω; ra, rb] where
K is the component of the electromagnetic wavevector
parallel to the interface. By explicitly expressing the
function gik in terms of the transmitted Fresnel coeffi-
cients [20] and using the procedure described in [21] we
find, after some lengthy algebra, the important result
F neqth (T, 0, z) = −
2
√
2~α0
pi c4
∫
∞
0
dω
ω4
e~ω/kBT − 1∫
∞
1
dq qe−2z
ω
c
√
q2−1
√
q2 − 1
√
|ε(ω)− q2|+ (ε′(ω)− q2)

 1∣∣∣√ε(ω)− q2 +√1− q2∣∣∣2
+
(
2q2 − 1) (q2 + |ε(ω)− q2|)∣∣∣√ε(ω)− q2 + ε(ω)√1− q2∣∣∣2

 .
(8)
where we have introduced the dimensionless variable
q = Kc/ω. Eq. (8) provides the thermal force gen-
erated by the substrate in the absence of the environ-
ment radiation. In order to discuss the more general
case TS 6= TE 6= 0, we make use of the additivity prop-
erty of the thermal force which can be written, in gen-
eral, as the sum of two contributions: F neqth (TS , TE , z) =
F neqth (TS , 0, z)+F
neq
th (0, TE, z), produced, respectively, by
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FIG. 1: Surface-atom potential energy V neq(z) =
−
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z
dz′F neq(z′) calculated from eq.(9), for different ther-
mal configurations.
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FIG. 2: Surface-atom force F neq(z) calculated from eq.(9), for
different thermal configurations.
the radiation of the substrate and of the environment.
Their additivity can be checked by evaluating separately
the two contributions and verifying that their sum, at
thermal equilibrium, reproduces the Lifshitz force F eqth
[22]. The full surface-atom force out of equilibrium can
be finally written in the convenient form
F neq(TS , TE , z) = F
eq(TE , z)+F
neq
th (TS , 0, z)−F neqth (TE , 0, z)
(9)
where the equilibrium force F eq(T, z) is given by (3) while
F neqth (T, 0, z) is defined by eq.(8).
In figs. 1, 2 and 3 we show the explicit results for
the potential energy, the force and the gradient of the
force obtained starting from eq.(9) as a function of the
distance from the surface for different choices of TS and
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FIG. 3: Surface-atom gradient of the force ∂F neq(z)/∂z calculated
from eq.(9), for different thermal configurations.
TE. Calculations have been done for a sapphire substrate
and for rubidium atoms. For F eq(T, z) we have used the
predictions of [2]. The figure clearly shows that the ther-
mal effects out of equilibrium are sizable (solid lines),
thereby providing promising perspectives for future mea-
surements of the surface atom force at large distances.
In particular in order to increase the attractive nature
of the force it is much more convenient to heat the sub-
strate by keeping the environment at room temperature
(lower solid line) rather than heating the whole system
(dashed line). When TS < TE (upper solid line) the
force exhibits a characteristic change of sign reflecting
a repulsive nature at large distances (see also discussion
below). At short distances the thermal correction to the
force becomes smaller and smaller and is determined by
the temperature of the substrate. We have reported the
results for the potential, for the force and for the gra-
dient of the force because the corresponding predictions
can be of interest for different types of experiments with
ultra cold gases. Experiments based on the study of the
center of mass oscillation of a trapped gas are sensitive
to the gradient of the force [2]. The corresponding fre-
quency shifts produced by the surface-atom interaction
have been recently measured [10] in conditions of thermal
equilibrium in agreement with the predictions of theory
[2]. Conversely experiments based on Bloch oscillations
are sensitive to the force itself [11, 23]. Finally one can
also think at interference experiments with Bose-Einstein
condensates in a double well potential. For large separa-
tions between the wells the position of the corresponding
interference fringes are sensitive to the potential [24].
In the last part of the letter we discuss the large z
behaviour of the out of equilibrium force. In this limit
only values q ≈ 1 are important in the evaluation of the
integral (8). By making the substitution q2−1 = t2, and
the t ≪ 1 expansion we find that the force (8) exhibits
4the non trivial asymptotic behaviour
F neqth (T, 0, z)z→∞ = −
~α0
z3pi c
∫
∞
0
dω
ω
e~ω/kBT − 1f (ω) .
(10)
Notice that the force exhibits a slower 1/z3 decay with
respect to the one holding at thermal equilibrium where
it decays like 1/z4 (see eq. (5)). In the above equation
we have introduced the function
f (ω) = (|ε(ω)− 1|+ (ε′(ω)− 1)) 12 2 + |ε(ω)− 1|√
2|ε(ω)− 1| (11)
which depends on the optical properties of the substrate.
For temperatures much smaller than the energy ~ωc/kB,
where ωc is the lowest characteristic frequency of the di-
electric substrate, we can replace f(ω) with its low fre-
quency limit (ε0 + 1)/
√
ε0 − 1. The force (9) felt by the
atom then approaches the asymptotic behaviour
F neq(TS , TE, z)z→∞ = −pi
6
α0k
2
B(T
2
S − T 2E)
z3 c~
ε0 + 1√
ε0 − 1
(12)
holding at low temperature and at distances larger than
λT /
√
ε0 − 1 where λT is the thermal photon wave length
calculated at the relevant temperatures TS and TE [25].
Eq.(12) shows that, at large distances, the new force is
attractive or repulsive depending on whether the sub-
strate temperature is higher or smaller than the environ-
ment one. Furthermore it exhibits a stronger tempera-
ture dependence with respect to equilibrium and contains
explicitly the Planck constant. The new dependence of
F neq(T, 0, z) on temperature and distance can be phys-
ically understood by noticing that the main contribu-
tion to the z-th dependent part of the electric energy UE
arises from the black-body radiation impinging on the
surface in a small interval of angles, of order of (λT /z)
2,
near the angle of total reflection. This radiation creates
slowly damping evanescent waves in vacuum. As a result
F neq(T, 0, z) turns out to be, in accordance with eq.(12),
of order of −(λ2T /z3)UBB, where UBB ∝ T 4 is the energy
density of the black-body radiation.
Equation (12) holds for a dielectric substrate where ε0
is finite. For a metal, if one uses the Drude model, one
has ε′′(ω) = 4piσ/ω with the real part ε′(ω) remaining
finite as ω → 0 so that one finds f (ω) →
√
ε′′(ω)/2 =√
2piσ/ω. At low temperatures eq.(10) then gives rise to
a different temperature dependence
F neq(TS , TE, z)z→∞ = −α0ζ(3/2)
√
σk
3/2
B (T
3/2
S − T 3/2E )
z3 c
√
2~
(13)
where ζ(3/2) ∼ 2.61 is the usual Riemann function.
In conclusion in this Letter we have calculated the
surface-atom force out of thermal equilibrium and
pointed out the occurrence of a new asymptotic be-
haviour at large distances. Our predictions could
be tested in experiments with ultracold atomic gases
trapped close to the surface of a substrate.
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